A wedge clutch with unique features of self-reinforcement and small actuation force was designed. Its self-reinforcement feature, associated with different factors such as the wedge angle and friction coefficient, brings different dynamics and unstable problem with improper parameters. To analyze this system, a complete mathematical model of the actuation system is built, which includes the DC motor, the wedge mechanism, and the actuated clutch pack. By considering several nonlinear factors, such as the slip-stick friction and the contact or not of the clutch plates, the system is piecewise linear. Through the stability analysis of the linearized system in clutch slipping phase, the stable condition of the designed parameters is obtained as > arctan( ). The mathematical model of the actuation system is validated by prototype testing. And with the validated model, the system dynamics in both stable and unstable conditions is investigated and discussed in engineering side.
Introduction
With the rising demand of improving vehicle economy, the electrification is a clear tendency in modern transmission system. Various electrmechanical components have been designed for clutch actuators in automatic manual transmission [1] , dual clutch transmission [2, 3] , and so forth. Among these, the wedge-based clutch actuator, featuring selfreinforcement function [4] , offers good opportunity to obtain large normal force by small actuation force. Therefore, the wedge clutch can be space-saving and energy-saving and satisfy the requirement of automotive electronics applications relying on the low voltage batteries [5, 6] . The clutch actuator using rack and pinion as wedge mechanism was proposed for automated manual transmission [7] . A wedge mechanism with worm shaft and worm gear was studied for automatic transmission [8] .
The magnitude of the friction force generated by the wedge actuator is associated with factors such as the wedge angle, friction coefficient, actuation force, and the clutch slipping speed [8] . Theoretically, the self-reinforcement ratio can be positive or negative and can be larger or less than 1, depending on the value of those factors. In order to gain satisfactory performance, the wedge geometry and friction interface characteristics need modest design, and the actuator force needs to be controlled carefully considering the clutch slipping speed. For the driveline dynamics, the most important thing is to be stable, for unstability leads toserious safty problems for vehicles. Unfortunately, the wedge brake system can be unstable if improper parameters are applied [9] . Stability analysis is necessary for the wedge-based clutch actuation system since it affects the longitude dynamic of the vehicle driveline and unstable situation may also occur in automatic transmission with wedge clutches. However, no literature reports the research yet.
Stability analysis methods for the various systems in engineering have been introduced by many researchers. In linear system, the eigenvalue analysis was commonly used [10, 11] , and the Routh criterion reduced the computational cost by investigating the characteristic equations [12, 13] . For the nonlinear system, the Lyapunov theory was introduced in [14, 15] , and proper linearization methods were also used for easy analysis, such as the linear matrix inequalities (LMIs) technical [16] and center manifold theorem [17] . Besides that, both mathematical and experimental methods have been applied to analyze the stability of wedge-based actuators. In [18] , a wedge brake was modeled and the roots of characteristic equation were investigated to obtain the stable condition. But its actuator (e.g., motor or hydraulic) was not included in the model and there were no experiments. Since the experiments can better reflect the system dynamics, a prototype of a single motor wedge brake was completed, and the stable range is tested under different friction coefficient [19] . A dynamometer test was conducted for a cross wedge brake, and the results showed the stable dynamics [20] . However, the dynamics in unstable condition did not show.
The objective of this paper is to investigate the stable conditions and system dynamics through modeling and stability analysing the wedge clutch actuation system. To do this, a complete model is built which includes the DC motor, the wedge mechanism, and the actuated clutch pack. By considering several nonlinear factors, such as the stickslip friction and contact or not of the clutch plates, the model is piecewise linear during clutch engagement. Then, compared with the other stages, clutch slipping stage has the possibility of being unstable. Therefore, in this stage, the stability analysis of the system is performed with the Routh criterion to obtain its stable conditions. A prototype of the wedge clutch actuation system is completed by replacing one of the hydraulic actuated clutches in an AT. The test results validate the mathematical model and the designed parameters. With the validated model, both the stable and unstable situations according to the stability conditions are investigated to obtain its different dynamic results.
The rest of this paper is organized as follows. In Section 2, the working principle of the wedge mechanism is described. In Section 3, the dynamic model of the wedge-based clutch actuation system is built with the nonlinear factors. Based on the model, linearization within the clutch slipping stage and stability analysis are performed in Section 4. Section 5 describes the prototype test to validate the model and investigates the dynamics of wedge clutch in stable and unstable situations. Conclusions are summarized in Section 6.
Principle of the Wedge Mechanism
For better understanding, the principle of the wedge mechanism is described first in this section. Figure 1(a) shows the structure of the wedge mechanism, which includes a supporting roller, a wedge with a ramp edge, and an actuated component. There are friction surfaces between the wedge and actuated component. The driving force is applied on the short edge of the wedge. And V represents the relative velocity of the actuated component with respect to the wedge. Figure 1(b) shows the force analysis of the wedge. represents the driving force by the actuator (e.g., DC motor), represents the normal force between the wedge and actuated component, sr represents the reaction force from the supporting roller, represents the friction force between the wedge and actuated component, and represents the wedge angle.
If V is downward, the friction force applied on wedge acts in the same direction which is expressed as
where represents the dynamic friction coefficient between the wedge and actuated component. The force equilibrium equations of the wedge are
By defining the ratio between the friction force and actuation force as the self-reinforcement feature, its function is obtained from (1) and (2) as follows:
Mathematical Problems in Engineering Equation (3) shows that the ratio is related to the friction coefficient and the ramp angle . If and are both constants, the relationship is linear.
The friction coefficient depends on the selected clutch plates. Through choosing the different wedge angle, the relationship between the ratio and angle can be obtained in Figure 2 .
When > arctan( ), the ratio > 0, which means that the direction of is the same as that of . On the contrary, when < arctan( ), the ratio < 0, which means that the direction of is opposite to that of . This situation implies that the actuator needs to pull the wedge instead of pushing it to keep its equilibrium. Furthermore, it is shown in Figure 2 that there is a critical wedge angle * = arctan( ), which makes the ratio tend to infinity. The infinity of the ratio means that even a small actuation force can produce a huge friction force and normal force on the actuated component. The friction force can help to actuate the wedge, which seems to enlarge the actuation force. This unique phenomenon is named "self-reinforcement" feature.
Another assumption, if the moving direction of the actuated component is upward in Figure 1 , is the direction of the friction force that is reversed. The relationship in (3) is replaced by (4) , in which the magnitude of the friction force is always smaller than that of the actuation force. So the actuation force is weakened in this case, which should be avoided in the design of a wedge-based actuator. Thus, the self-reinforcement feature of the wedge mechanism is related to the moving direction of the actuated component:
Mechanical Model
By using the wedge mechanism, the clutch actuation system is designed with a DC motor and worm mechanism. Its design process and working principle are described in [21] .
To analyze the system behavior of the wedge clutch, its mathematical model including the nonlinear factors is built in this section. The nonlinear factors include the slip-stick change of the friction and separate or contact of the clutch plates.
The schematic of the actuation system is shown in side view and top view in Figure 3 . The DC motor, worm shaft, worm gear, wedge block, and clutch plate are modeled, respectively. The friction plates in clutch pack are simplified as a single plate because their motions are identical, so are the steel plates. The three wedge elements on the wedge block are simplified as one element since they can be considered as identical in terms of structure, force, and motion. The original return spring of the hydraulic clutch is used to preload a spring force in the actuation system. So, during the clutch engagement, the worm shaft is contacted with the driving side of the gear to engage the wedge clutch; and during the clutch disengagement, the pretightening force will push back the components automatically which keeps the driving side of the gear contacting with the worm shaft. Therefore, the backlash issue of the worm mechanism is weakened with this design and will not be considered mainly in the following.
DC Motor.
The dynamics of the DC motor are described as follows [22] , with the motor current as the system input:
In (5), is the inertia of the rotor, is the rotating angle of the rotor, is the damping coefficient, ws represents the load torque from the worm shaft, and is the motor torque which is regarded as proportional with the motor current by the torque constant .
Shaft Connector.
The shaft connector is modeled as a torsional spring, which generates a force calculated as
where sc represents the torsional stiffness of the shaft connector and ws is the rotating angle of the worm shaft.
Worm Shaft and Worm Gear.
The angular speed ratio between the worm shaft and worm gear is defined as
The equivalent dynamic equation of the worm shaft and worm gear can be written as
In (9), wg represents the equivalent moment inertia of worm shaft and worm gear, wg is the rotating angle of worm gear, wg is the damping coefficient, wb represents the resistance torque from the wedge block, and the driving torque wg is calculated as wg = ws . 
Wedge Block.
The movement of the wedge block along the axis can be written as
where wb is the mass of the wedge block, wb is the axial displacement, wb is the damping coefficient of axial displacement, sr represents the reaction force from the supporting roller, rs represents the resistance of the return spring, and is the normal force.
Since the return spring force rs keeps almost constant in the working range of [ wb0 wb1 ], rs can be considered as a constant value in this study.
The rotation of the wedge block around the axis can be written as
where wb is the moment inertia of the wedge block, wb is the rotating angle, wb is the damping coefficient, wb represents the driving force applied on the wedge block, represents the friction force between wedge block and friction plate, and cp is the equivalent radius of clutch plates.
Since the wedge block moves against the supporting roller, the translational and rotational movements are subject to the constraint:
Therefore, by substituting wb by the above expression, the dynamic equation is derived as
When the wedge clutch is filling the clearance, the wedge block does not contact with the friction plate; that is, = 0 and = 0. The above dynamic equation can be rewritten as
in which the equivalent damping coefficient eq is calculated by eq = wb + tan cp wb .
Clutch Plates.
Each of the clutch plates, which can be the friction plate or steel plate, has two degrees of freedom of motion, that is, moving along and rotating around the central axis. The moving dynamics is decided by the actuation system, and the rotating dynamics is decided by the connected driveline. Therefore, the moving dynamics is discussed in this paper, since only the actuation system is considered. Apart from those, the relationship between the normal force and the friction torque is also discussed in this section, which will affect the dynamics of wedge block.
The moving dynamics along the axis of the clutch plates is written as
where cp is the total mass of the clutch plates, cp is the axial displacement, wp is the damping coefficient of axial displacement, and wp is the stiffness of the wave plate. is equal to zero before the clutch plates pass through the clearance filling phase; that is, = 0 when wb < wb0 .
The Coulomb friction model is used for the friction torque [23] . So when the clutch is slipping, the friction torque is given by
where is the slipping speed of the friction plate and is the dynamic friction coefficient. When the clutch is sticking, the friction plate is locked. Consequently, the friction torque cannot be altered by the normal force anymore. The switch from the slipping model Mathematical Problems in Engineering 5 to the sticking model is determined by the condition = 0 with the constraint that the friction torque is smaller than the static friction torque:
where is the static friction coefficient.
Linearization and Stability Analysis
Since the wedge mechanism may introduce instability issue to the applications [9] , this section conducts stability analysis in order to find out the stable condition for the wedge clutch actuation system. To linearize the model, an appropriate operation point has to be found, and this point has to be at key operation range of the system [24] . During the actuation process, the clutch can be open (filling phase), slipping, or locked as described in the previous section. And the wedge clutch model is a piecewise linear system during these stages. In open stage, the actuation system is a common damping system since there is no contact between wedge and friction plate. And in locked stage, the actuation system can be regarded as a single body without relative motion. Therefore, both of the stages are stable. However, the slipping stage is critical for the controllability of the wedge clutch. In this stage, the wedge block dynamics is affected by the friction torque as expressed in (14), and is related to the slipping speed , friction coefficient , and wedge angle as expressed in (19) and (20); consequently, the stability of the wedge block dynamics in slipping stage becomes a concern.
The relevant dynamical equations are (5), (9) , (14) , and (17) .
Since the worm gear is splined with the wedge block, the following holds:̇w
Considering that the friction plate contacts with the steel plate and the wedge block, the following holds:
Since only the slipping stage is concerned, can be calculated by on the basis of Coulomb friction model. Substitution of (6), (7), and (21) into (5) yields
Substitution of (13), (20), (21) , and (22) into (9), (14) , and (17) yields one equation as below: 
According to Routh criterion, a linear system is stable if all the coefficients of (28) and all the elements of Routh series are positive. The Routh series of the system are shown in Table 1 .
According to (26), (27), and (28), the coefficients are deducted as follows: 
Remark 2.
The results show that the (30) is a sufficient condition for the stable system. Assumption 3. The wedge angle is smaller than the critical value, so the self-reinforcement ratio is negative:
Proof. According to the (29) and (31), 0 > 0 but 4 < 0. So there are both positive and negative coefficients of the Routh series, which means that the system has at least one positive root. So the system is unstable [25] .
Remark 4.
The results show that (31) is a sufficient condition for the unstable system. 
Theorem 5. If a proposition is true, its converse-negative proposition is also true.
Conclusion. According to the Remark 4 and Theorem 5, we can obtain that tan − > 0 is a necessary condition for the stable system. And then by combining Remark 2, we can finally get the conclusion that (30) is the necessary and sufficient condition for the stable system (26).
And by considering the wedge angle and friction coefficient as the variables, the stable region is plotted in Figure 4 . The dividing line is = tan( ).
The stability analysis above is for the linearized system under the key operation point with the assumption of constant friction coefficient value. The classical ideal Coulomb friction model is used for the stability analysis with linear method. However, the real friction of the wet clutch including Stribeck and viscous factors is different from Coulomb friction. So, the stability condition in (30) is a guideline for choosing the suitable wedge angle under the steady friction coefficient. And with the stability analysis at different friction coefficients, the selection of wedge angle needs to make the maximum friction coefficient value satisfy the condition.
Results and Discussion
A prototype of the wedge clutch with designed parameters is completed. And the experiments are performed to validate the mathematical model. Then, using the validated mathematical model, the dynamics of the wedge clutch in stable and unstable conditions is investigated and discussed.
Prototype of the Actuator.
The designed wedge clutch is integrated in the six-speed front wheel drive (FWD) AT to replace one of the hydraulic actuated clutches as the validation platform in Figure 5 . The integration work into the transmission is omitted here since we focus on the validation of the actuation system. The rated power and torque of the DC motor are 80 W and 0.5 Nm, respectively. Three force sensors are used to measure the normal force on the clutch plates. The force range is up to 2000 N for each sensor, so the total is up to 6000 N. The response time of the force sensor is less than 5 sec and its linearity (error) is within ±3%.
The thickness of the force sensor is only 0.208 mm, which allows direct installation between the fixed case and roller supporting ring as in Figure 5 (b). Therefore, the reacting normal force on the roller of each wedge mechanism is fully applied on the force sensor, and sum of the three force sensor signals can represent the total normal force on clutch plates. Besides that, the transferred clutch torque can be calculated from the transmission input/output torque with ratio since there will be torque sensors during the dyno test.
Experimental Validation for the Actuator.
To validate the mathematical model of the wedge clutch, three cases studies are presented in the following. First, a step command current is applied to the actuation system to investigate the tracking performance between the simulation results and experimental results. Then, both with and without self-reinforcement situations of the wedge clutch are performed to validate its self-reinforcement function by comparing the results.
Case I:
Step Response. The actuation system generates normal force on the friction plate by a certain amount of motor current. The motor current is given as a step function with the amplitude of 3A, as shown in Figure 6 (a). The resultant motor speed, motor displacement, and clutch normal force are illustrated in Figure 6 . The parameters of the wedge clutch during the simulation model are listed in Table 2 . It can be seen that the simulation results match the experimental results well. The motor speed increases rapidly in the early stage because no resistant force comes from the clutch plates before the wedge block contacts the clutch friction plate (filling phase). After that, the motor speed increases slowly because the motor load is increasing gradually due to the spring force from the wave plate once the wedge block contacts the clutch friction plate. Along with the increasing of the motor displacement, the spring force of the wave plate becomes large. Consequently, the motor speed decreases until the motor stops. During this process, the normal force on the clutch friction plate increases from zero to 1834 N in 0.45 s.
Case II: With Self-Reinforcement Situation.
The principle analysis of the wedge mechanism shows that its selfreinforcement function depends on the moving direction of the actuated component (the rotating direction of friction plate for the wedge clutch). Therefore, according to the rotating direction, one of the wedge surfaces of the dualwedge group in Figure 3 can be selected to ensure the self-reinforcement effect. Inversely, the other wedge surface corresponds to the without self-reinforcement situation. Figure 7 shows the simulation and experimental results of the with self-reinforcement situation. The motor current is controlled carefully to drive the actuator to engage the clutch, and the control process is a typical oncoming clutch engagement in AT. From the speed information in Figure 7(b) , the actuator moves fast at the beginning to complete the clutch clearance as quickly as possible. After that, the speed is reduced to keep an almost steady state and engage the clutch smoothly. Finally, the actuator moves further to increase the normal force again and ensure the transmitted torque capacity. Therefore, the position and normal force curves have a two-step shape as shown in Figures 7(c) and 7(d) . Besides that, the well matching between the simulation and experimental curves again validates the models.
Case III: Without Self-Reinforcement Situation.
By applying an opposite motor current to the actuation system, the other wedge surface is selected which corresponds to the without self-reinforcement situation. The simulation and experimental results are shown in Figure 8 . The speed and position information of the actuator also have the opposite directions in Figures 8(b) and 8(c) . The two-step shape of the normal force curve is similar in comparison with that of with self-reinforcement situation. However, its value is much smaller as shown in Figure 8(d) . The gap between the normal force curves of the two situations validates the selfreinforcement function of the wedge mechanism.
Stability Case Study and Discussion.
The self-reinforcement effect of the wedge mechanism depends on the relationship between the wedge angle and friction coefficient in (3) . And according to the stable rule in Figure 4 , several points, representing stable or unstable situations, are selected for simulation in the mathematical model. Figure 9 provides the results with = 0.12 and = 7.3 ∘ , which is in stable region. With a step current of 3A to actuate the wedge clutch, the normal force on clutch plates ramps up quickly and then keeps constantly at about 20000 N as shown in Figure 9 (b). After 3.5 s, the command current reduces back to zero, and the normal force also decreases to zero. Therefore, the system is controllable and stable.
By varying the value of wedge angle from 7 ∘ to 10 ∘ while keeping the friction coefficient as 0.12, the simulation results with the same step current curve are obtained in Figure 10 . All the curves of normal force represent stable situations. While with smaller wedge angle, the normal force becomes bigger. This is due to the larger self-reinforcement ratio.
Case II: = 0.12 and =6
∘ ∼ 6.8 ∘ (in Unstable Region). By selecting the value of wedge angle from 6 ∘ to 6.8 ∘ and with the same friction coefficient, these conditions are in the unstable region of Figure 4 . Then a same step current of 3A is controlled to actuate the wedge clutch, and the simulation results are shown in Figure 11 . The curves show that the applied normal force on clutch plate increases continuously to infinity even though the command current returns to zero after 3.5 s, which means that the wedge clutch engages by itself and will not release. The system goes in self-lock state.
In this self-lock situation, the ratio < 0 according to the (3), which means that a negative actuation force is needed to pull the wedge for keeping its equilibrium. In the following simulation, a negative current is controlled to pull the actuation system after the positive step current.
The simulation results are shown in Figure 12 , and the parameters are selected as = 0.12 and = 6.5 ∘ .
With the 1A positive current step at first, the normal force on clutch plates increases quickly due to the self-lock situation of the wedge mechanism. Then after a negative current step at 0.3 s, the normal force stops increasing. By optimal adjusting the negative current value, the equilibrium state of the wedge clutch seems to be realized and obtains a steady state normal force in the figure. However, with even a small increasing or decreasing of the current value, the wedge clutch leaves its equilibrium state easily. A small increment current value causes the normal force to reduce to zero quickly, and a small decrement current value causes the normal force to increase to infinity again as in Figure 11 . In engineering side, the infinity normal force in self-lock situation means the wedge mechanism engages by itself more and more tightly until damaging the components. On the contrary, by increasing the actuation force to pull the wedge mechanism, the zero normal force means the wedge block is pulled out thoroughly once the actuation force exceeds the equilibrium value. So this equilibrium state of the wedge clutch is not stable, since it is easy to become unstable by small perturbation. Finally, we can summarize that the simulation results comply well with the stability analysis. And when > arctan( ), the wedge clutch is stable and easier for control. Therefore, the design rule for the wedge angle is that it should be greater than arctan( ) but be close to arctan( ) as much as possible.
Conclusions
The wedge-based clutch actuation system with self-reinforcement feature brings stability problem and different dynamic behavior. To analyze this system, a complete mathematical model is built including its DC motor, wedge mechanism, and clutch pack. And the model is linearized by considering the clutch slipping stage with steady state friction coefficient. Through using the Routh criterion, the stability condition is obtained as > arctan( ). Then, the prototype testing validates the mathematical model with its designed parameters. And with the validated model, the simulation results show that in the stable region, the wedge clutch is easy for control. And in unstable region, the wedge is either engaged by itself continuously until damaging the components or pulled out thoroughly without contact force. So a design instruction is found that the wedge angle should be greater than arctan( ) and be close to arctan( ) as much as possible for the large self-reinforcement ratio.
Although the stability analysis for the linearized system is performed in this paper, the wedge clutch system is highly nonlinear due to friction, backlash and, and so forth. Furthermore, in combination with the self-reinforcement feature of wedge mechanism which depends on the friction coefficient and status of contact or not, these nonlinearities make the system really complicated. So, in the following step work, the highly nonlinear and complicated system will be analyzed based on the knowledge of this paper. 
